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EXPECTATION VALUES 〈rp〉 FOR HARMONIC OSCILLATOR IN Rn
RICARDO CORDERO-SOTO AND SERGEI K. SUSLOV
Abstract. We evaluate the matrix elements 〈rp〉 for the n-dimensional harmonic oscillator in
terms of the dual Hahn polynomials and derive a corresponding three-term recurrence relation and
a Pasternack-type reflection relation. A short review of similar results for nonrelativistic hydrogen
atom is also given.
1. An Introduction
The purpose of this note is to present a simple evaluation of the expectation values 〈rp〉 for the n-
dimensional harmonic oscillator in terms of the dual Hahn polynomials by direct integration. Other
methods of solving similar problems in elementary quantum mechanics appeal to general principles
and involve the Hellmann–Feynman theorem (see [6], [7], [8] and references given there, textbooks
[27], [32], [11], [40]), commutation relation ([23], [20], [42], [43]), and dynamical groups ([3], [4], [9],
[10], [16], [37], [41]). Our approach allows to study these expectation values with the help of the
advanced theory of classical polynomials [2], [25], and [35]. We recall also that the first-order of the
time-independent perturbation theory equates the energy correction to the expectation value of the
perturbing potential. Thus expressions of the form 〈rp〉 gain utmost importance.
The plan of the paper is as follows. We review results on expectation values 〈rp〉 for the nonrela-
tivistic hydrogenlike wave functions first and then extend them, in a similar fashion, to the case of
n-dimensional harmonic oscillator. An attempt to collect the available literature is made.
2. Expectation Values 〈rp〉 for Coulomb Problems
The problem of evaluation of matrix elements 〈rp〉 between nonrelativistic bound-state hydro-
genlike wave functions has a long history in quantum mechanics. An incomplete list of references
includes [1], [3], [8], [11], [12], [13], [14], [15], [16], [20], [23], [27], [28], [29], [32], [33], [37], [38], [39],
[40], [45], [49], [50], [54], and [56] and references therein. Although different methods were used in
order to evaluate these matrix elements, one of possible forms of the answer seems has been missing
until recently. In Ref. [49] the mean values for states of definite energy
〈rp〉 =
∫
R3
|ψnlm (r)|
2 rp dv∫
R3
|ψnlm (r)|
2 dv
=
∫
∞
0
R2nl (r) r
p+2 dr∫
∞
0
R2nl (r) r
2 dr
, dv = r2drdω (2.1)
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in the nonrelativistic Coulomb problem have been evaluated in terms of the Chebyshev polynomials
of a discrete variable tk (x,N) = h
(0, 0)
k (x,N) originally introduced in Refs. [51] and [52]. Their
extensions, the so-called Hahn polynomials, introduced also by P. L. Chebyshev [53] and given by
h
(α, β)
k (x,N) = (−1)
k Γ (N) (β + 1)k
k! Γ (N − k)
(2.2)
× 3F2
(
−k, α + β + k + 1, −x
β + 1, 1−N
; 1
)
,
were rediscovered and generalized in the late 1940s by W. Hahn. (We use the standard definition
of the generalized hypergeometric series throughout the paper [5], [21].)
The end results have the following closed forms〈
rk−1
〉
=
1
2n
(na0
2Z
)k−1
tk (n− l − 1,−2l − 1) , (2.3)
when k = 0, 1, 2, ... and 〈
1
rk+2
〉
=
1
2n
(
2Z
na0
)k+2
tk (n− l − 1,−2l − 1) , (2.4)
when k = 0, 1, ..., 2l. Here a0 = ℏ
2/me2 is the Bohr radius. Equations (2.1)–(2.3) reflect the
positivity of the matrix elements under consideration [49].
The ease of handling of these matrix elements for the discrete levels is greatly increased if use is
made of the known properties of these classical polynomials of Chebyshev [21], [25], [35], [36] and
[51], [52], [53]. The direct consequences of these relations are an inversion relation:〈
1
rk+2
〉
=
(
2Z
na0
)2k+1
(2l − k)!
(2l + k + 1)!
〈
rk−1
〉
(2.5)
with 0 ≤ k ≤ 2l and the three-term recurrence relation:〈
rk
〉
=
2n (2k + 1)
k + 1
(na0
2Z
) 〈
rk−1
〉
−
k
(
(2l + 1)2 − k2
)
k + 1
(na0
2Z
)2 〈
rk−2
〉
(2.6)
with the initial conditions 〈
1
r
〉
=
Z
a0n2
, 〈1〉 = 1, (2.7)
which is convenient for evaluation of the mean values
〈
rk
〉
for k ≥ 1.
The recurrence relation (2.6) was originally found by Kramers and Pasternack in the late 1930s
[27], [38], and [39]. The inversion relation (2.5), which is also due to Pasternack, has been redis-
covered many years later [15], [33] (see also [22] and [23] for historical comments). Generalizations
of (2.5)–(2.6) for off-diagonal matrix elements are discussed in Refs. [14], [37], [23], [45], and [50].
The properties of the hydrogenlike radial matrix elements are considered from a group-theoretical
viewpoint in Refs. [3], [16], and [37]. Extensions to the relativistic case are given in [1], [17], [48],
and [49] (see also references therein).
In a retrospect, Pasternack’s papers [38], [39] had paved the road to the discovery of the continuous
Hahn polynomials in the mid 1980s (see [26], [49] and references therein).
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3. Evaluation of 〈rp〉 for Harmonic Oscillator in Rn
The stationary Schro¨dinger equation for the n-dimensional harmonic oscillator
HΨ = EΨ, H =
1
2
n∑
s=1
(
−
∂2
∂x2s
+ x2s
)
(3.1)
can be solved by separation of the variables in hyperspherical coordinates. The normalized wave
functions have the form
Ψ (x) = ΨNKν (r,Ω) = YKν (Ω) RNK (r) , (3.2)
where YKν (Ω) are the hyperspherical harmonics associated with a binary tree T, the integer number
K corresponds to the constant of separation of the variables at the root node of T and ν =
{l1, l2, ... , lp} is the set of all other subscripts corresponding to the remaining vertexes of the binary
tree T (see [35], [46], [47], and [55] for a graphical approach of Vilenkin, Kuznetsov and Smorodinski˘ı
to the theory of spherical harmonics).
The radial functions are given by
RNK (r) =
√
2 ((N −K) /2)!
Γ ((N +K + n) /2)
exp
(
−r2/2
)
rK L
K+n/2−1
(N−K)/2
(
r2
)
, (3.3)
where Lαk (ξ) are the Laguerre polynomials [36] and the corresponding energy levels are equal to
E = EN = N + n/2, (N −K) /2 = k = 0, 1, 2, ... . (3.4)
(See also Refs. [30], [34], [35], [41], and [46] for group theoretical properties of the n-dimensional
harmonic oscillator wave functions.)
The expectation values under consideration
〈rp〉 =
∫
R
n
Ψ∗NKν (r,Ω) r
pΨNKν (r,Ω) dv (3.5)
=
∫
∞
0
rp+n−1R2NK (r) dr,
we use orthonormality of the hyperspherical harmonics, are derived with the aid of the integral [37],
[49]:
Jαβnms =
∫
∞
0
e−xxα+s Lαn (x)L
β
m (x) dx (3.6)
= (−1)n−m
Γ (α + s+ 1)Γ (β +m+ 1)Γ (s+ 1)
m! (n−m)! Γ (β + 1)Γ (s− n+m+ 1)
× 3F2
(
−m, s+ 1, β − α− s
β + 1, n−m+ 1
)
, n ≥ m,
where parameter s may take some integer values. Similar integrals have been discussed in Refs. [1],
[17], [18], and [28]. A simple evaluation of this integral is given in Ref. [49].
Indeed,
〈rp〉 =
((N −K) /2)!
Γ ((N +K + n) /2)
∫
∞
0
e−ξξp/2+K+n/2−1
(
L
K+n/2−1
(N−K)/2 (ξ)
)2
dξ, (3.7)
4 RICARDO CORDERO-SOTO AND SERGEI K. SUSLOV
where we replace r2 = ξ. As a result,
〈rp〉 =
Γ (K + (n + p) /2)
Γ (K + n/2)
3F2
(
(K −N) /2, p/2 + 1, −p/2
K + n/2, 1
; 1
)
, (3.8)
provided that p+ n+ 2K > 0. Connection with the dual Hahn polynomials given by [35]
w(c)m (s (s+ 1) , a, b) =
(1 + a− b)m (1 + a+ c)m
m!
(3.9)
× 3F2
(
−m, a− s, a + s+ 1
1 + a− b, 1 + a + c
; 1
)
is as follows
〈rp〉 =
Γ (K + (n + p) /2)
Γ ((N +K + n) /2)
w
(0)
(N−K)/2
(p
2
(p
2
+ 1
)
, 0, 1−K −
n
2
)
. (3.10)
Thus the direct calculation of 〈rp〉 for each admissible p involves a well-known special function
originally introduced in Ref. [24]. Basic properties of the dual Hahn polynomials are discussed in
[35]. We shall use one of them in the next section. See also Refs. [16], [41], and [4] for group-
theoretical methods of evaluation of similar matrix elements. We shall elaborate on the group-
theoretical meaning of Eq. (3.8) later.
4. Three Term Recurrence Relation
The difference equation for the dual Hahn polynomials has the form
σ (s)
∆
∇x1 (s)
(
∇y (s)
∇x (s)
)
+ τ (s)
∆y (s)
∆x (s)
+ λmy (s) = 0, (4.1)
where ∆f (s) = ∇f (s+ 1) = f (s+ 1)− f (s) , x (s) = s (s+ 1) , x1 (s) = x (s+ 1/2) , and
σ (s) = (s− a) (s+ b) (s− c) , (4.2)
σ (s) + τ (s)∇x1 (s) = σ (−s− 1) (4.3)
= (a + s+ 1) (b− s− 1) (c+ s+ 1) ,
λm = m. (4.4)
It can be rewritten as a recurrence relation
σ (−s− 1)∇x (s) y (s+ 1) + σ (s)∆x (s) y (s− 1) (4.5)
+ (λm∆x (s)∇x (s)∇x1 (s)− σ (−s− 1)∇x (s)− σ (s)∆x (s)) y (s) = 0.
See [24], [25] and [35] for more details on the properties of the dual Hahn polynomials.
Equations (3.10) and (4.5) results in the three-term recurrence relation
(p+ 2) 〈rp+2〉 = (p+ 1) (2N + n) 〈rp〉 (4.6)
+p
(
p2 − n2
4
− (K − 1) (K + p− 1)
)
〈rp−2〉
for the matrix elements. Such recurrence relation requires two initial results
〈1〉 = 1,
〈
1
r2
〉
=
1
K + n/2− 1
(4.7)
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in order to generate all expectation values.
The cases n = 1, 2, 3 are well-known and usually discussed with the help of the hypervirial theo-
rems (see, for example, [4], [11], [20], [7], [40], and references therein.) Our approach emphasizes the
simple fact that the matrix elements recurrence relations (2.6) and (4.6) for the hydrogen atom and
for the n-dimensional harmonic oscillator, respectively, have the same “special functions” nature,
namely, they occur due to the difference equation for the corresponding dual Hahn polynomials.
We leave further details to the reader.
5. A Pasternack-Type Inversion Property
From equation (3.8) one gets
〈r−p−2〉 =
Γ (K + (n− p) /2− 1)
Γ (K + (n+ p) /2)
〈rp〉 (5.1)
(for all the convergent integrals) in the spirit of Pasternack’s inversion relation (2.5) valid in the case
of the hydrogen atom. It simply reflects an obvious fact that the argument x (p) = (p/2 + 1) p/2
of the dual Hahn polynomials in (3.10) obeys a natural symmetry x (−p− 2) = x (p) on the corre-
sponding quadratic grid. We were unable to find relations (3.8), (3.10), and (5.1) in the available
literature.
6. A Conclusion
Special functions appear in numerous applications of mathematical and physical sciences and
their basic knowledge is a necessity for any theoretical physicist. As Dick Askey mentioned once in
his talk on mathematical education, “We should not lie to our students, but we do not have to tell
them the whole truth.” The same is true about teaching elementary topics in quantum mechanics.
As we can conclude from this short note, even if “one is able to evaluate average values by appeal to
general principles rather that by direct integration [20]”, important relations with the well-known
special functions will be out of the picture due to the limiting mathematical tools. Every instructor
has to find a way how to resolve this contradiction.
Acknowledgment. This paper is written as a part of the summer 2009 program on analysis of
Mathematical and Theoretical Biology Institute (MTBI) and Mathematical, Computational and
Modeling Sciences Center (MCMSC) at Arizona State University. The MTBI/SUMS Summer Un-
dergraduate Research Program is supported by The National Science Foundation (DMS-0502349),
The National Security Agency (dod-h982300710096), The Sloan Foundation, and Arizona State
University. We thank Professor Carlos Castillo-Cha´vez for support, valuable discussions and en-
couragement. One of the authors (RCS) is supported by the following National Science Foundation
programs: Louis Stokes Alliances for Minority Participation (LSAMP): NSF Cooperative Agree-
ment No. HRD-0602425 (WAESO LSAMP Phase IV); Alliances for Graduate Education and the
Professoriate (AGEP): NSF Cooperative Agreement No. HRD-0450137 (MGE@MSA AGEP Phase
II).
6 RICARDO CORDERO-SOTO AND SERGEI K. SUSLOV
References
[1] D. Andrae, Recursive evaluation of expectation values 〈rk〉 for arbitrary states of the relativistic one-electron
atom, J. Phys. B: Atom. Molec. Phys. 30 (1997) #20, 4435–4451.
[2] G. E. Andrews, R. A. Askey, and R. Roy, Special Functions, Cambridge University Press, Cambridge, 1999.
[3] L. Armstrong, Jr., Mean values of powers of the radius for hydrogenic electron orbits, Phys. Rev. A 3 (1971) #5,
1546–1550.
[4] L. Armstrong, Jr., O (2, 1) and the harmonic oscillator radial functions, J. Math. Phys. 12 (1971) #6, 953–957.
[5] W. N. Bailey, Generalized Hypergeometric Series, Cambridge University Press, Cambridge, 1935.
[6] S. Balasubramanian, Note on Feynmann’s theorem, Am. J. Phys. 52 (1984) #12, 1143–1144.
[7] S. Balasubramanian, A note on the generalized Hellman–Feynmann theorem, Am. J. Phys. 58 (1990) #12,
1204–1205.
[8] S. Balasubramanian, A simple derivation of the recurrence relation for 〈rN 〉, Am. J. Phys. 68 (2000) #10,
959–960.
[9] A. O. Barut, H. Beker, and T. Rador, Algebraic perturbation theory for singular potentials, Phys. Lett. A 194
(1994), 1–6.
[10] A. O. Barut, H. Beker, and T. Rador, SU (1, 1) perturbations of the simple harmonic oscillator, Phys. Lett. A
205 (1995), 1–2.
[11] A. I. Baz, Ya. B. Zeldovich, and A. M. Perelomov, Scattering, Reactions and Decays in Nonrelativistic Quantum
Mechatics [in Russian], Nauka, Moscow, 1971.
[12] H. Beker, A simple calculation of 〈1/r2〉 for the hydrogen atom and the three-dimensional harmonic oscillator,
Am. J. Phys. 65 (1997) #11, 1118–1119.
[13] H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- and Two-Electron Atoms, Springer–Verlag, Berlin,
1957.
[14] P. Blanchard, A new recurrence relation for hydrogenic radial matric elements , J. Phys. B: At. Mol. Phys. 7
(1974) #9, 993–1005.
[15] K. Bockasten, Mean values of powers of the radius for hydrogenic electron orbits, Phys. Rev. A 9 (1974), 1087–
1089.
[16] E. Chaco´n, D. Levi, and M. Moshinsky, Lie algebras in the Schro¨dinger picture and radial matrix elements , J.
Math. Phys. 17 (1976) #10, 1919–1929.
[17] L. Davis, A note on the wave functions of the relativistic hydrogen atom, Phys. Rev. 56 (1939), 186–187.
[18] Shi-H. Dong, Factorization Method in Quantum Mechanics, Springer–Verlag, Dordrecht, 2007.
[19] S. T. Epstein, Note on perturbation theory, Am. J. Phys. 22 (1954) #9, 613–614.
[20] J. H. Epstein and S. T. Epstein, Some applications of hypervirial theorems to the calculation of average values,
Am. J. Phys. 30 (1962) #4, 266–268.
[21] A. Erde´lyi, Higher Transcendental Functions, Vols. I–III, A. Erde´lyi, ed., McGraw–Hill, 1953.
[22] J. D. Hey, On the momentum representation of hydrogenic wave functions: Some properties and an application,
Am. J. Phys. 61 (1993) #1, 28–35.
[23] J. D. Hey, Further properties of hydrogenic wave functions, Am. J. Phys. 61 (1993) #8, 741–749.
[24] S. Karlin and J. L. McGregor, The Hahn polynomials, formulas and an application, Scripta Math. 26 (1961),
33–46.
[25] R. Koekoek and R. F. Swarttouw, The Askey scheme of hypergeometric orthogonal polynomials and its q-
analogues, Report 94–05, Delft University of Technology, 1994.
[26] H. T. Koelink, On Jacobi and continuous Hahn polynomials , Proc. Amer. Math. Soc. 124 (1996), 887–898.
[27] H. A. Kramers, Die Grundlagen der Quantentheorie/Quantentheorie des Electrons und der Strahlung , Akademis-
che Verlagsgesellschaft, Leipzig, 1938; Engl. transl., Quantum Mechanics, North-Holland, Amsterdam, 1958,
section 59, equation (6.74).
[28] L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Nonrelativistic Theory , Pergamon Press, Oxford, 1977.
[29] R. L. Liboff, Introduction to Quantum Mechanics, third edition, Addison–Wesley, Longman, Reading, MA,
1998, pp. 475–476.
[30] M. Meiler, R. Cordero-Soto, and S. K. Suslov, Solution of the Cauchy problem for a time-dependent
Schro¨dinger equation, J. Math. Phys. 49 (2008) #7, 072102: 1–27; published on line 9 July 2008, URL:
http://link.aip.org/link/?JMP/49/072102; see also arXiv: 0711.0559v4 [math-ph] 5 Dec 2007.
[31] E. Merzbacher, Quantum Mechanics, third edition, John Wiley & Sons, New York, 1998.
THE 〈rp〉 FOR HARMONIC OSCILLATOR IN Rn 7
[32] A. Messiah, Quantum Mechanics, Vol. 1, North-Holland, Amsterdam, 1961, p. 431.
[33] R. M. More, Inversion symmetry of hydrogenic expectation values, J. Phys. B: At. Mol. Phys. 16 (1993) #21,
3859–3861.
[34] M. Moshinsky and C. Quesne, Linear canonical transformations and their unitary representations , J. Math.
Phys. 12 (1971) #8, 1772–1780.
[35] A. F. Nikiforov, S. K. Suslov, and V. B. Uvarov, Classical Orthogonal Polynomials of a Discrete Variable,
Springer–Verlag, Berlin, New York, 1991.
[36] A. F. Nikiforov and V. B. Uvarov, Special Functions of Mathematical Physics, Birkha¨user, Basel, Boston, 1988.
[37] P. C. Ojha and D. S. F. Crothers, On a simple relation between hydrogenic radial matrix elements , J. Phys. B:
At. Mol. Phys. 17 (1984) #24, 4797–4800.
[38] S. Pasternack, On the mean value of rs for Keplerian systems , Proc. Nat. Acad. Sci. 23 (1937) #2, 91–94; #4,
250 (erratum).
[39] S. Pasternack, A generalization of the polynomials Fn (x), London, Edinburgh, Dublin Philosophical Magazine
and J. Science, Ser. 7 28 (1939), 209–226.
[40] A. M. Perelomov and Ya. B. Zeldovich, Quantum Mechanics: Selected Topics, World Scientific Publishing Co.,
Inc., River Edje, NJ, 1998.
[41] C. Quesne and M. Moshinsky, Canonical transformations and matrix elements , J. Math. Phys. 12 (1971) #8,
1780–1783.
[42] P. D. Robinson, Hypervirial theorems and perturbation theory in quantum mechanics , Proc. Roy. Soc. London A
283 (1965) #1393, 229–237.
[43] P. D. Robinson, Determination of hypervirial operators in perturbation theory, J. Chem. Phys. 47 (1967) #7,
2319–2322.
[44] L. I. Schiff, Quantum Mechanics, third edition, McGraw-Hill, New York, 1968.
[45] V. M. Shabaev, Generalizations of the virial relations for the Dirac equation in a central field and their appli-
cations to the Coulomb field , J. Phys. B: At. Mol. Opt. Phys. 24 (1991), 4479–4488.
[46] Yu. F. Smirnov and K. V. Shitikova, The method of K harmonics and the shell model , Soviet Journal of Particles
& Nuclei 8 (1977) #4, 344–370.
[47] Ya. A. Smorodinskii, Trees and the many-body problem, translated from Izvestiya Vysshikh Uchebnykh Zavedenii,
Radiofizika, 19 (1976) #6, 932–941.
[48] S. K. Suslov, Expectation values in relativistic Coulomb problems , arXiv: 0906.3338v9 [quant-ph] 30 Jul 2009,
to appear in J. Phys. B: Atom. Mol. Opt. Phys.
[49] S. K. Suslov and B. Trey, The Hahn polynomials in the nonrelativistic and relativistic Coulomb prob-
lems , J. Math. Phys. 49 (2008) #1, 012104: 1–51; published on line 22 January 2008, URL:
http://link.aip.org/link/?JMP/49/012104.
[50] R. A. Swainson and G. W. F. Drake, An alternative proof of some relations between hydrogenic matrix elements ,
J. Phys. B: At. Mol. Opt. Phys. 23 (1990) #7, 1079–1084.
[51] P. L. Tchebychef, Sur l’interpolation par la me´thode des moindres carre´s , Me´moires de l’Acade´mie Impe´riale des
sciences de St.-Pe´tersbourg, VIIe serie, 1 (1859) #15, 1–24; reprinted in: Qeuvres, volume 1, Chelsea Publishing
Company, New York, 1962, pp. 473–498.
[52] P. L. Tchebychef, Sur l’interpolation, (1864); reprinted in: Qeuvres, volume 1, Chelsea Publishing Company,
New York, 1962, pp. 542–560.
[53] P. L. Tchebychef, Sur l’interpolation des valeurs e´quidistantes , (1875); reprinted in: Qeuvres, volume 2, Chelsea
Publishing Company, New York, 1962, pp. 219–242.
[54] J. H. Van Vleck, A new method of calculating the mean value of 1/rs for Keplerian systems , Proc. Roy.
Soc. London A 143 (1934), 679–681.
[55] N. Ya. Vilenkin, Special Functions and the Theory of Group Representations, American Mathematical Society,
Providence, 1968.
[56] I. Waller, Der Starkeffekt zweiter Ordnung bei Wasserstoff und die Rydbergkorrektion der Spektra von He und
Li+, Zeitschrift fu¨r Physik 38 (1926), 635–646.
8 RICARDO CORDERO-SOTO AND SERGEI K. SUSLOV
Mathematical, Computational and Modeling Sciences Center, Arizona State University, Tempe,
AZ 85287–1804, U.S.A.
E-mail address : ricardojavier81@gmail.com
School of Mathematical and Statistical Sciences and Mathematical, Computational and Mod-
eling Sciences Center, Arizona State University, Tempe, AZ 85287–1804, U.S.A.
E-mail address : sks@asu.edu
URL: http://hahn.la.asu.edu/~suslov/index.html
